Abstract-This paper presents the quotient function (QF) of the residue number system (RNS), which provides the integer value of the argument scaled by a modulus of the RNS. An application of the QF to residue-to-binary conversion is proposed, which outperforms the traditional approaches based on the Chinese remainder theorem and the mixed radix conversion, if a modulus of the kind 2 , k integer, is included in the set of RNS moduli.
I. INTRODUCTION
The increasing need for high-speed computing is renewing interest in the residue number system (RNS) compared with other number systems, due to its ability to perform carry-free addition, subtraction, and multiplication. Residue arithmetic units can be found in several commercial products, ranging from large mainframes [1] to processors for digital signal processing (DSP) applications [2] , [3] . Unfortunately, the speed gain of modular operations in the RNS can be offset by the waste of time in performing nonmodular operations because of their dependence on the magnitude of residue numbers. Therefore, many application areas for which the RNS is currently infeasible, could be explored as more efficient tools for nonmodular operations are found. For instance, this is the case of the 'diagonal function,' which has been recently proposed for effective magnitude comparison and sign detection in the RNS [4] , [5] .
Residue-to-binary conversion is another fundamental nonmodular operation in the RNS. This is due to at least two aspects 1) it is inherently important, since special purpose RNS processors are generally associated with general purpose computers and 2) it is required to perform other nonmodular operations, like overflow detection. The main approaches for residue-to-binary conversion are based either on the Chinese remainder theorem (CRT) or on the mixed radix conversion (MRC) [6] , [7] . The CRT provides a direct formula for residue-tobinary conversion but it requires extra hardware. The MRC is timeconsuming since a preliminary stage is necessary for conversion from residue to mixed-radix representation.
This paper presents the quotient function (QF) of the RNS providing the integer value of the argument scaled by a modulus of the RNS. On the basis of the QF, a new technique is proposed for residue-tobinary conversion, named the quotient function technique (QFT). The superiority of the QFT is shown with respect to techniques based on CRT and MRC, if a modulus of the kind 2 k , k integer, is included in Manuscript received May 24, 2000; revised April 11, 2003 . This work was supported by the Italian Ministry "Ministero dell'Istruzione, dell'Università e della Ricerca," MIUR under law 488, Project "Rete Puglia" CINI-BA-D.M. n.600, 11-11-1999 
Theorem 1 provides a direct formula for computing the QF. , we obtain
Thus, a modulus m k exists,k 6 = j, i so that m k divides (or divides m k ). In both cases, since mi = 1 , it follows that m k and mi are not relatively prime moduli. This contradicts the hypothesis. Q:E:D:
III. THE 'QUOTIENT FUNCTION' FOR RESIDUE-TO-BINARY CONVERSION
This Section presents the application of the QF to residue-to-binary conversion. The conversion technique, named QFT, descends from the consideration that jXjM = mjbjXjM =mjc + xj [11] and QF j (jXj M ) = bjXj M =m j c ( (1)). Therefore, jXj M can be derived from QF j (jXj M ), by a multiplication and an addition jXj M = m j 1 QF j (jXj M ) + x j :
Since it is not unusual to have a power of 2 included in most practical sets of moduli [3] , [7] , [9] - [11] , a modulus mj = 2 k , k integer, is assumed from now on. In this case, the implementation of (3) implies shift-left operation, rather than ordinary multiplication and the binary representation of jXjM is obtained by concatenating the binary representations of QF j (jXj M ) (the most significant bits of jXj M ) and xj (the least significant bits of jXjM). In other words, if mj = 2 6 , a5a4a3a2a1a0 is the binary representation of xj, b7b6b5b4b3b2b1b0
is the binary representation of QF j (jXj M ), then from (3) 
IV. PERFORMANCE EVALUATION
Residue-to-binary conversion by QFT, CRT, and MRC are evaluated in this section. The techniques are implemented by using the multioperand modular adders for N-operand addition modulo A [MOMA(N,A)], which are circuits frequently used for digital filtering, convolutions and FFT processing [12] . In particular we consider the MOMA(N,A) reported in [13] , which is one of the most effective circuit known to date. A detailed description of the MOMA(N,A) is not provided in this paper but the reader can find it in the literature [13] . However, for the sake of clarity, a block diagram of the MOMA(N,A) is sketched in Fig. 1 for the addition modulo A of the N-operands X1; X2; ...;XN. It uses a carry save adder/carry propagate adder (CSA/CPA) network and a modulo A generator. The CSA/CPA network performs the N-operand addition in parallel. It consists of a tree of CSA and a final CPA with end around carry (EAC). The number of levels of the CSA tree for N-operand addition is given by the Avizienis' function (N) [14] . Table I reports the values of (N) for small N. The modulo A generator consists of a converter, which is composed of a look-up table, and two CPAs, which work in parallel and provide, in turn, the result of the modulo A addition (i.e. jX1 + X2 + ... + XN jA) and its biased version (i.e. jX 1 +X 2 +...+X N j A 0A). Finally, a multiplexer is used to choose the right result between the two available from the CPAs. Table II shows the main characteristics of the MOMA(N,A) when the CPAs are implemented by Ripple carry adders (RCA) or by carry lookhead adders (CLA) (see [13, Table VI]) . Special values of A lead to a simplified version of MOMA(N,A) [13] . In particular, as discussed in [12] , [13] , the modulo A generator is avoided for A = 2 k 0 1, k integer.
The QFT is based on the computation of the QF in (2) as Fig. 2 (a) shows
where, Xi = jbi 1 xijM , for i = 1; 2; ...;N. The N residue digits xi serve as addresses to N ROM look-up tables L(dlog 2 m i e; dlog 2 The conversion procedure based on the CRT uses the formula [6] and [7] 
where, for i = 1; 2; ...;N, xi = jki 1 xijM , ki = Mij1=Mijm .
The implementation of the CRT is sketched in Fig. 2 ; ...:
The MRC is time-consuming since the mixed radix digits are obtained by a strictly sequential process [6] . Notwithstanding, the MRC allows p1 (as in [13] , we consider the RCA employing the FA, recently proposed in [15] , which has a delay of a single three-input NAND gate for carry propagation); t CLA(p) = 81 for p 16 and t CLA(p) = 121 for p > 16 (+21, with EAC and closed cycle) [14] . For the preparatory step, a time delay of 41 is assumed for scaling [16] . The result shows that the superiority of the QFT compared with CRT-based approach is mainly due to the evidence that dlog 2 Mje dlog 2 Me. As far as the MRC-based approach is concerned, the superiority of the QFT descends from its capability to integrate a preliminary scaling step in a parallel addition process. The QFT also allows a total delay reduction of 8% at the cost of 14% more FA, if CPA = RCA; or a total delay reduction of 12% at the cost of 20% more FAs, if CPA = CLA.
In Table III (b), we see that M j is of the kind 2 k 0 1. In this case the QFT allows a saving of 23% ROM locations with respect to the CRT-based approach. Moreover, there is a saving of 45% FAs and a total delay reduction of 56%, if CPA = RCA; while there is a saving of 23% FAs and a total delay reduction of 39%, if CPA = CLA.
Compared to the MRC-based approach, the QFT allows a saving of 19% ROM locations. If CPA = RCA, the QFT uses 20% more FAs but allows a total delay reduction of 12%; if CPA = CLA, the QFT uses 25% more FAs and allows a reduction of 15% for the total delay. Finally, it should be pointed out that the QFT does not impose severe constraints on the moduli set like other approaches in literature, which work on specific sets of moduli, for instance the sets of three moduli 01g [21] ; the set of moduli with common factors f2k+2; 2k+ 1; 2kg [22] ; the four moduli set f2 n01 ; 2 n ; 2 n+1 ; 2 n+1 + 1g [23] ; the set of m moduli f2 m 01; 2 2 +1; 2 2 +1; 2 2 +1; . ..; 2 2 +1g [24] .
V. CONCLUSION
This paper presents the QF of the RNS, which provides the value of the argument scaled by a modulus of the RNS. A new technique for residue-to-binary conversion is discussed, based on the QF. If a modulus of the kind 2 k , k integer, is included in the set of moduli of the RNS, some examples are reported in which the new technique is superior to other approaches for residue-to-binary conversion based on the Chinese Remainder Theorem and the Mixed Radix Conversion.
